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In this paper, asymptotics are studied for some almost periodic processes on a 
complete metric space (X, d): (1) It is shown that any precompact positive 
trajectory of a contractive periodic process is asymptotically almost periodic as 
t + +a). This property does not hold for general almost periodic contractive 
processes. (2) A compactness result is obtained for weakly almost periodic 
complete trajectories of some (possibly nonlinear) processes in a uniformly convex 
Banach space. (3) The existence of almost periodic trajectories is studied for 
“affine” processes in a uniformly convex Banach space. These results are applicable 
to some evolution equations of the form du/dt + A(t) u(t) 3 f(t), where f(t) is 
almost periodic: IR + V uniformly convex Banach space and A(t) is a periodic, 
time-dependent, m-accretive operator in V. 
0. INTRODUCTION 
In this paper, we are mainly concerned with the asymptotic behavior as 
t + +a~ of the solutions to some evolution equations of the form 
where A(t) is a t-dependent, periodic m-accretive operator in a uniformly 
convex Banach space I’, while f: R + V is S’-almost periodic. The results 
we obtain are natural generalizations of some theorems from [ 1,9, 131. 
Several reasons, including the absence of a satisfactory unified theory for 
the flow generated by (O.l), as well as the necessity of dealing with weak 
solutions in general, lead us to adopt the point of view and terminology of 
almost periodic processes, developed by C. Dafermos in [3-61. We refer to 
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[6] for definitions and notations, and just recall below the basic ones which 
we will use throughout he text. 
Let (X, d) be a complete metric space. A process on X is a mapping 
U: R x R + x X -+ X. If (t, r, x) E R x R + x X, then U(t, r)x represents the 
state at time t + r of an evolving system whose state at time t was x. The 
family of maps U(t, r): X-+ X is assumed to satisfy the following conditions: 
(i) U(t, 0)x =x, for all t E R, for all x E X. 
(ii) U(t, u + r) = ( U t + 5, a) U(t, r), for all t E R, for all u, 7 E R +. 
(iii) For any r E R + fixed, the maps U(., 5): X-P X are uniformly 
equicontinuous as t varies in R. 
-The positive trajectories of U are defined by u(t) = U(0, t)u, for u0 E X, 
t > 0, and are always assumed to be continuous: IR+ +X for u, fixed. 
-A complete trajectory for U is a continuous function u: R -+X such that 
we have 
u(t + 7) = U(t, 5) u(t), for all t E R, for all 7 E R +. 
-The process U is called almost periodic if for any sequence {a,} of reals 
there exists a subsequence {o;} = (unk} such that there exists a process V on 
X so that 
u(t +a;,f)X--t qt,r>x, for all (7, x) E R + X X, 
and uniformly with respect o t E R. 
-Finally, we say that U is contractive if 
d(U(t, 7) x, u(t, 7)~) < 4x, Y), 
for all tE R, for all tE I?+, for all x, yEX. 
Some other necessary definitions will be included in the text. 
1. A REMARKABLE PROPERTY OF PERIODIC PROCESSES 
In this section, we prove a result which generalizes both [7, Theorem 1, 
p. 981 and [9, Theorem 7, p. 2231. 
We say that a process U(t, r) on X is periodic with period T if for all 
t E R, for all 7 E R +, U(t + T, 7) = U(t, 7). 
THEOREM 1.1. Let U be a periodic contractive process on a complete 
metric space (X, d). Then 
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(1) any positive trajectory with a precompact range is asymptotically 
almost periodic as t + + 00 ; 
(2) any complete trajectory with a precompact range is almost 
periodic: R -+ X. 
Proof: (1) First we establish that u: R ’ +X is uniformly continuous. 
Indeed, the mapping: R + x X-,X defined by a(o, x) = U(0, u)x is 
continuous with respect to u, and Lipschitz-continuous with respect to x, 
hence continuous on R + x X for the topology of product space. If K is any 
compact subset of X, we deduce that the mappings o + U(0, CY)X from [0,2T] 
to X depending on the parameter x E K are uniformly equicontinuous. 
Finally, if t,, t, E fR + are such that t, < t, < t1 + T, we define n E N by 
t,=nT+u,, O<u, <T. Then 
Thus 
t, - nT = u2 E [0,2T] and u1 - u, = t, - t,. 
d(u(t,). u(t,)) = WV’, 0,) u(nr>, WC u2) u(W) 
= W(O, a,) u(nr), U(O, u2> u(nT)). 
Since ]u, - u2] = ] t, - t, ], u,, uz E [0,2T] and u(nT) remains in a compact 
subset of X, the uniform continuity property follows from the above remarks. 
Now to show that u(t) is asymptotically almost periodic, we only need to 
check that for any sequence t, -, +co, there exists a subsequence (B,} = {tkJ 
such that u(B, + t) converges uniformly on Rt (as an X-valued function) as 
r-+00. 
Assume u(t) = U(0, t)x for all t > 0, and replace {tk} by a subsequence 
such that tk - n,T= uk E [0, T] with nk E [N and limk,+,(u,) = u. Since 
u(t) is uniformly continuous, we have 
sup d(u(t + tk), u(t + nk T + a)) --t 0 as k-,+co. (1.1) 
I>0 
Then u(t+n,T+u) = U(n,T,t+u)U(O,n,T)x = U(O,t+o)xk with 
xk = U(0, nk T)x. 
By changing {nk} to a subsequence, we may assume that xk --$ X in X as 
k + +co. Then we obtain 
WV, t + ‘J) xk, u(o, t + u).f) < d(xk , X), (1.2) 
and by adding (1.1) and (1.2), we conclude 
SUP {d[u(t + tk), U(0, t + Up]} + 0 as k++oo. 
I>0 
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(2) Let u(t) be a complete trajectory for U with a precompact range. 
As a consequence of (l), we know that there exists an almost periodic 
complete trajectory w(t) of U such that 
lim d(u(t), w(t)) = 0. (1.3) t-t+00 
Now since the range of u(t) is precompact, we can find (by using Cantor’s 
diagonal procedure) a sequence of integers (nk} tending to infinity such that, 
for all m E N, 
u(-mT-n,T)= y”,+ y, as k++coo. 
Then for any t > -mT, we have 
d(u(t - nkT), U(-mT-- n,T, t + mT) Y,) < d(yk,, Y,> -, 0 as k-++co. 
We introduce U(-mT - n,T, t + mT) ym = z,(l) for t E [-mT, +co [. Then 
if r > 0, we have U(l, r)z,(t) = U(t + mT, r)z,(l) = z,(t + r), which shows 
that z, is a “trajectory” on [-mT, +co [. Finally, if we set z(t) = z,,,(f), for 
all t E [-mT, +co [, we define without ambiguity a complete trajectory of U 
such that u(t - n,T) + z(t), uniformly on every compact of R, as k + too. 
Let us replace {nk 1 by a subsequence such that 
‘+‘(t - nkT) + Y(t) uniformly on R. 
Since d(u(t), w(t)) is nonincreasing, we have 
d(YW, z(t)) = a = ,kFm d(w(Q, u(Q), for all t E R. 
On the other hand, we have z(t t nk T) = U(t, nk T) z(t) and u(t) = U(t - nk T, 
n,T) u(t - n,T) = U(t, n,T) u(t - n,T) for all t E R. Hence, 
d@(t), z(nk T + t)) < d(u(t - nk T), Z(t)) + 0. 
We deduce: d(u(t), w(t)) = limk++co d(z(n, T + t), y(n,T + t)) 
* d(u(t), w(f)) = a, for all t E IF?. 
From (1.3) we conclude that Q = 0 and u = w. 
This ends the proof of Theorem 1.1. 
As an immediate consequence of Theorem 1.1, we have 
COROLLARY 1.2. Let X = H real Hilbert space, L: D(L) -+ H a maximal 
monotone linear operator and B(t) E C(iR, P(H, H)) be such that 
B(t) > 0 and B(t t T) = B(f), forall tEiR. 
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We consider the evolution equation 
$ + Lu(t) + B(t) u(t) = 0. (1.4) 
Then the weak solutions of (1.4) are trajectories of a periodic process on 
H, and we have the following. 
-Any weak solution of (1.4) on R ’ with a precompact range is 
asymptotically almost periodic as t + +co. 
-Any weak solution of (1.4) on R with a precompact range is almost 
periodic: iR + H. 
Remark 1.3. (a) Precompactness of trajectories may be difficult to check 
when B(t) really depends on t. However, if we assume B*(t) = -B(t), 
L*=-LandB(t)(Zt~L)-‘=(Z+~L)-‘B(t)forall~>OandtEIR,then 
all trajectories can be completed in a unique manner on R, and they all have 
a precompact range under the simple hypothesis that (Z + L) -I: H + H be a 
compact operator. 
(b) Corollary 1.2 cannot be generalized to the case where B(t): R --t 
Y’(H, H) is almost periodic. 
For example, if H = R*, L = 0 and 
0 1 
W) = Wt) -1 o [ 1 with a > 0, 
a solution of (1.4) is given by the formula 
U(t) = (u(t), u(t)) =(co, (+ gtt))T sin (4 g(t))) 
with g(t) = En>,, sin*(t/2”). 
Let us show that for 0 < a < a, small enough, 
v(t) = sin is not almost periodic. 
Let (k, I) be two integers with -0 < I< k. It is easy to check that 
0 < E < g(2kn - 2%) = y sin2 n~o (2kn,2’=) <6 
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e = r sin2 
7c 
“71 ( 1 2”+” 
6=4 C sin’ $ . 
n>l ( ) 
Thus, as soon as 0 < a < a, = n/6, we have 
142% - 2%) - 42% - 2’n)l 
= sin 
I [ 
+g(2”x-2’n)]-sin0 / >sin(:s). 
As a consequence, for any k, 1 E N with k z 1, 
sup ] ~(2% + t) - v(2’lr + f)] > sin 
IER ( 1 
;E >o. 
Clearly, this shows that the sequence u(2”n + t) has no subsequence which is 
Cauchy in Lm(lR). Hence u cannot be almost periodic. 
(c) The above counterexample shows that Theorem 1.1 is not true for 
general almost periodic processes. We do not know whether Theorem 1.1 
holds for Eq. (0.1) when A(t) E A and f is a general almost periodic function. 
2. A COMPACTNESS RESULT 
In this section, we generalize a well-known result of Amerio [ 1 ] 
concerning integration of almost periodic vector-valued functions. This result 
has been previously extended by Zaidman [ 131 in the special case of afftne, 
isometric, quasi-autonomous almost periodic processes. 
We start with a uniformly convex Banach space V, equipped with a norm 
denoted by I( ]I, an we consider a closed, convex subset X of V. d 
Let f: R --t V be Si-almost periodic and T > 0. The “hull” off will be 
denoted by H(f). We also set fr(t) =f(t + T) and if U is a process on X, 
U’(t, t) = U(t + T, t). 
THEOREM 2.1. Assume that for any h E Hdf), we have given a process 
U, : X + X with the following properties: 
(1) U,, is almost periodic and contractive; 
(2) for all h E H(f), UllT = Vi ; (2.1) 
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(3) for any [x,y]EXxX and [s,h]EWf)xHdf), 
all [t, 51 E R x IR+, 
r= 
we have, for 
IIv,(f,~)X--Un(t,s)~llQIIx-vll+J Ilg(t+@--(t+8)lldB. (2.2) 
0 
Then, any complete trajectory u(t) of the process U which is weakly almost 
periodic: R -+X is in fact precompact, hence strongly almost periodic. 
ProoJ First of all we check that UmsZ {u(mT)) is precompact in V. 
The negative of this property would mean the existence of a sequence { mk } 
of integers such that, for some E > 0, we have 
II 4mk T> - 4ml T)ll > E, for all k, I E N with k + 1. (2.3) 
By extracting if necessary a subsequence from {m,}, we may assume that 
there exists u*: R --+X weakly continuous such that for all t E R, 
and 
lim 
k++co 
u(mk T + t) = u*(t) 
lim u*(-mk T + t) = u(t) in V weak. 
k-too 
As a consequence, we have suplEn 1) u(t)11 = supls n 11 u*(t)ll. Since a* is 
weakly almost periodic: R + V we have 
/SE=- sup Ilu”Wll = sup Iju*(t)ll = Nf: Ilu*(t)ll. fER+ 
Finally, we assume (by a new extraction if necessary) that 
fern k T + t) -+ f(t) in S’(iR, V) strong, 
and we set 
Let f k = f(m, T + . ). From (2. l), it is easy to deduce, first, that 
UhWr= UcT, and then that U,k(t, 5) = Uf(mkT + t, r) for all k E N and all 
[t, r] E R x R + . Then, for any k E N and t > 0, we obtain 
u(mk T) = Ukm, T - t, t) u(mk T - t) = U,(-t, t) u(m, T - t), 
u(mk+ I r> = up+l(-t, t) u(mk+, T- t). 
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By applying (2.2) with g= fk, h = f"" and x = u(m,T- t). 
y = u(mk+ I T - t), from (2.3) we obtain 
< Ilu(m,T- t> - u(mk+~ T-~f)l~+~~~lf~(--f+~)-f~+‘(-~+~)~Idt? 
0 
Hence lim inf,,, co I( u(mk T - t) - u(mk+ i T - t)ll > E, for all t E R. Since 
also 11 +k T - f>ll < My Ii u(mk+ 1 T - t)ll < M and from uniform convexity of 
V. we deduce 
lim sup 
II 
U(m,T--)+u(m,+,T-t) 
2 II 
<M-d, 6 > 0. 
k-too 
Then by making k -+ +ao and using weak lower semicontinuity of the norm, 
we conclude 
II u*(-t>ll< M - 4 for all t E R +. 
A contradiction which shows that UmEP {u(mT)} was in fact precompact in 
V. 
Now let {ak} be any sequence of reals. We can write 
ak=mkTfrk, O< rk < T. 
We want to prove that u(ak) has a subsequence which converges strongly 
in V. By replacing (k] by a subsequence, we may assume that 
lim k-tfcc u(mk T) = C and limk,+ m f(m,T+ t) =f(t) in S’(lR, V). 
With the same notation as above, from (2.2) we derive 
0 
But obviously UAO, t)ri remains in a compact set when r E [0, T]. Thus the 
sequence {u(ak)} is precompact in X. 
Remark 2.2. In practice, Theorem 2.1 is designed to study the weakly 
almost periodic complete trajectories of the process generated by an 
evolution equation of the form (0. l), when A(t) is periodic with period T. 
Usually the process U, associated with f for A(t) fixed will satisfy (l), (2) 
and (3). 
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We do not know if Theorem 2.1 is still valid for more general almost 
periodic processes in uniformly convex Banach spaces. 
3. AFFINE PROCESSES IN A UNIFORMLY CONVEX SPACE 
Let V and X be as in Section 2. A process U(t, x) on X is called an afine 
process if 
lJ(t, 7) T ( 1 = + [Wt, 7)x + U(t, 7)y], 
for all (t, 7, x, y) E R X R + X X X X. 
It is easy to check that if U is an affine process, then for any 
(t, 7) E R X R +, the map U(t, 7): X-r X is weakly sequentially continuous. 
Finally, we say that U is quasi-contractive if there exists M > 1 such that 
II U(tv 7)x - WY 7)YIl < M I/x - YIlY 
for all [t, 71 E R x R + and any [x, JJ] E X x X. (3.1) 
THEOREM 3.1. Let U be any afine, quasi-contractive, almost periodic 
process on X. If there is a bounded positive trajectory for U, there exists a 
complete trajectory of U which is weakly almost periodic: R -+X. 
Proof. First, by the same method as in [6, Lemma 3.7, p. 501, we 
construct a complete trajectory with a bounded range. Then we introduce 
v = inf{ sup I( u(t)ll/ u b ounded, complete trajectory of U). 
reiR 
Let {u,} be a sequence of complete, bounded trajectories of U, such that 
whi II u,@)lI < 1, + l/b + 1). 
We may assume, by eventually repacing {u,} by a subsequence, that for 
any k E N, we have 
uPI - v/t inXas n++oo. 
Then, by using the weak continuity property of the process, we derive 
u,(t) - v(t), for all t E R, 
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where u(t) is a complete trajectory for U and 
Finally, if ui and v2 are two such trajectories, we infer that V, = v2. 
Indeed, if ]lu,(g - u,(o(] = E > 0 for some i, then for t < i, we have 
II ~10) - W)ll 2 E/M. N ow w(t) = (vi + uJ2 is a complete trajectory such 
that )I w(t)]] < v - 6, 6 > 0 for all t < i. Let (ak} be a sequence tending to +co 
such that Uak -+ U as k + +co and w(t - a,J - w*(t) pointwise in V weak. 
Clearly w*(t) is a complete, bounded trajectory of U such that 
;$ II w*wll G v - 4 a contradiction. 
The end of proof of Theorem 3.1 is now classical, by applying Corollary 3.2 
of [6, p. 481 in the metrisable space {x E V, ]lxl] < v} endowed with the weak 
topology, and dealing with the whole family of processes in the “hull” of U. 
We omit the details. 
COROLLARY 3.2. Let U, be a family of afine processes on X satisfying 
the conditions of Theorem 2.1. Then, as soon as Ur has a bounded positive 
trajectory, there exists a complete trajectory which is strongly almost 
periodic: IR + V. 
Proof. Immediate application of Theorems 2.1 and 3.1. 
Remarks 3.3. (a) The idea of looking for a trajectory u with 
su~tsn IIWll = v W - m max principle) was introduced by Amerio [ 11. For an 
extension in another direction, cf. also Zaidman [ 141. 
(b) In practice, Corollary 3.2 will be applicable to equations of the 
form (0.1) with A(t) periodic, linear and f(t) S’-almost periodic: R +X (cf. 
Corollary 3.4 below). 
(c) Even if A(t) = A, we do not know of any result analogous to 
Theorem 3.1 or Corollary 3.2 in a nonlinear setting suitable for some 
application to nonparabolic problems. (However, cf. [ 1 l] for some results of 
ergodic type concerning the trajectories as t --) +co.) 
Corollary 3.4. Let X = V = H be a real Hilbert space and A(t) = L + B(t), 
where L, B(t) satisfy the hypotheses of Corollary 1.2. Let f: R -+ H be S’- 
almost periodic. If in addition (I + L)-’ is compact: H -+ H and 
B(t)(I+&L)-‘=(Z+eL)-lB(t), for all e > 0, for all t E iR, 
then the existence of a bounded positive trajectory of (0.1) implies that all 
positive trajectories are (strongly) asymptotically almost periodic as t -+ +co. 
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PPOO~ It is easy to check that the process generated by Eq. (0.1) is 
almost periodic and contractive for any f S’-almost periodic: iR --f H. 
Moreover, if h E Hu), then U,, corresponding to h(t) in the right-hand side 
of (0.1) form a family of processes which satisfy (2.1) and (2.2). 
From Corollary 3.2, we deduce that the existence of a positive bounded 
trajectory for Ur implies that of a strongly almost periodic complete tra- 
jectory. 
Finally, the difference of two solutions of (0.1) is a positive trajectory of 
(1.4), which turns out to have a precompact range in H, as a consequence of 
the hypotheses on L and B(f). 
We conclude the proof by applying Corollary 1.2. 
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